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Introduction

A N INITIAL costates estimation method to solve optimal
transfer orbit design problems is presented here. The target

orbits are spiral trajectories with low-thrust input. Fuel optimal
trajectory design problems have been previously investigated for a
number of orbit transfer applications and interplanetary missions [1–
7].Among representative techniques is an indirect approach based on
the variational principle, throughwhich the optimal control problems
can be converted into a two-point boundary value problem. Transfer
orbit design problems can be solved by finding the unknown initial
costate variables, but the indirect method suffers from some critical
drawbacks, such as a small radius of convergence. The estimation of
initial costates for spiral trajectory design is particularly difficult due
to a long transfer time and the multirevolution nature of such trajec-
tories. Several advanced indirect methodologies, including func-
tional approximation, continuation, homotopy, and the step-by-step
approach, have been adopted to compute initial unknown costates
[1,2,8,9].

In [1], properties of the initial costates were exploited to estimate
the initial costates. In that work, the terminal specific energy with
respect to the Earth and the initial radius of the circular orbit were
fixed. The initial costates of the radial distance and tangent velocity
can be approximated using exponential functions versus time;
however, the initial costate behaviors of radial velocitywere not fully
analyzed in [1]. Furthermore, if the initial radius, terminal specific
energy, and central planet are changed, additional steps, such as
determining a new curve fitting, may be necessary to design optimal
trajectories with a longer transfer time.

In this study, a new initial guess structure for costates is proposed
to construct optimal spiral trajectories using the arbitrary initial
radius, transfer time, terminal target energy, and central planet. The
proposed initial guess structure requires neither functional approxi-
mation nor extrapolation. The structure is developed according to
initial costate properties, and it can accommodate specific energy
targeting problems.

Problem Definition

In this section, a specific energy targeting problem is investigated.
The same system state dynamics are presented in [1,2].
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wherearef represents a reference accelerationmagnitude, andu and�
are command inputs, with u a normalized acceleration magnitude
and � an in-plane thrust angle. The low thrust is assumed to be an
unconstrained variable specific impulse (VSI) type of engine, for
which the thrustmagnitude ismodulated by the specific impulse. The
mass flow dynamics are prescribed as
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where Isp denotes specific impulse,g0 is the Earth’s gravitational
acceleration at sea level,P is engine power, and " is engine efficiency.
Tominimize fuel consumption for an unconstrained VSI enginewith
a fixed transfer time, the spacecraft mass and power are decoupled
from the problem, and only the accumulated thrust acceleration
affects the spacecraft propellant [1].
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In Eq. (6), the denominator P is constant at all times, and the
numerator term, aref , to be determined later, is also constant. There-
fore, the denominator P and the numerator term, aref, do not affect
the optimal cost. Finally, the cost is adjusted as a square of the
normalized thrust magnitude to minimize fuel consumption, such
that
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where "��v2=2 � �=r�, and "t corresponds to the specific target
energy of the spacecraft with respect to the central body.

The Hamiltonian, optimality, necessary, and boundary conditions
can be derived from the variational principle. By applying typical
optimal control formulation, the following set of equations can be
readily derived [1,2]:
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The optimal control input can be derived such that

�� tan�1��vr=�v�� (12)
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u� �vraref sin��� � �v�aref cos���
2

(13)

Therefore, the actual acceleration is calculated as

avr � arefu sin��� � �a2ref=2��vr (14)

av� � arefu cos��� � �a2ref=2��v� (15)

and the boundary conditions for costate variables satisfy

�r�tf� � ���=r2� (16)

�vr�tf� � ��vr� (17)

�v��tf� � ��v�� (18)

���tf� � 0 (19)

The unknown parameters are the three initial costates of �r, �vr, and
�v� and one multiplier, v, which is associated with the targeted
condition. And the terminal boundary conditions consist of three
final costate variables and the target-specific energy.

Initial Costate Behaviors and New Initial
Guess Structure

In this section, the initial costate behaviors are analyzed, and a
method to guess the unknown initial costates for the specific energy
targeting problem is proposed. A generalized approach can be
applied to handle any initial radius of circular orbit, terminal specific
energy, central planet, and long transfer time without interpolation.
For this goal, several Earth escape trajectorieswere constructed using
the discrete continuation method to analyze the initial costate
behaviors [3].

First, minimum-propellant Earth escape trajectories are solved
while initial states are fixed for a high-altitude circular orbit with an
initial radius of, for example, 35,000 km, and the transfer time is
gradually increased from 66,000 s to 5 days. As seen in Fig. 1, the
initial costates of �r and �vr exponentially decrease as the transfer
time increases, and similar results were observed in [1,3]. Optimal
initial �vr also tends to decreasewith oscillatory behavior, which was
not addressed in [1].

Next, a similar approach is applied for the initial radius of a circular
orbit with a fixed transfer time. The conditions from a circular orbit
with a 35,000 km radius gradually decrease to a circular orbit with a
7000 km radius. The initial costate histories exhibit discontinuity
trends for �vr, as shown in Fig. 2.

The minimum value of �vr increases as the initial radius increases.
For the initial costates of �r and �v�, a similar property appears, as in
Fig. 1. The properties observed so far can be summarized as 1) the
initial �r and �v� decrease as the transfer time and initial radius
increase; 2) the initial �vr oscillates about zero whereas the transfer
time and initial radius vary; 3) in Figs. 1 and 2, the estimated �r was
calculated with the given r, vr, and true �v� by the following relation
as Eq. (20). We can see that there exists a linear property between the
initial �r and �v�:

�r � �v��v�=r� (20)

and 4) in the history of _�r from Fig. 2, several points appear to be
discontinuous. Between the discontinuous points, optimal trajec-
tories are formed by the same number of revolutions. When r�0� lies
between 22,000 and 26,000 km, the optimal trajectories exhibit the
same number of revolutions, such as 5.When r�0� is between 19,000
and 22,000 km, the number of revolutions is 6, and the number of
revolutions increases as the initial radius decreases.

Motivated by those properties, a new initial guess structure is
proposed for the arbitrary target-specific energy, central planet,
initial orbit radius (circular orbit), and any transfer time as follows:
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where v��t0� and r�t0� are the given initial tangential velocity and
initial radius.

_�vr�t0� was set to 0, because _�vr�t0�, which is an initial time deri-
vation of �vr, is oscillating across the zero-crossing line, as in Figs. 1

and 2. Using this behavior of _�vr�t0�, �r can be evaluated from �v�
with the following costate dynamics equation:

_� vr ���r � �v��v�=r� (22)

From Eq. (22), by setting _�vr to 0, a linear property between �r and
�v� can be established, as in Eq. (21). In Eq. (21), �r decreases as the
initial radius increases.

In this structure,�vr is assigned a negativevalue of near zero for the
following reasons: 1) as in Figs. 1 and 2,�vr tends to oscillate near the
zero-crossing line, but the middle value is not 0; and 2) whenever
_�vr�t0� is 0, �vr is not 0. Therefore, a negative ratio is selected as
�0:012 between �vr and�v�; this is indicatedwith a dot in Fig. 1. The
resultant initial steering angle is �0:6 deg, which is close to 0. The
effective steering direction is nearly aligned with the velocity
direction [10]. In this note, the initial orbit is circular; therefore, the
steering direction is almost 0, but is not always 0, as it is in [1–3].

In Eq. (21), the only unknown parameter is �, which is equal to�v�.
When the transfer time decreases, more acceleration is required for
orbit transfer; therefore, �v� should become larger in Eq. (15). The
reverse is true for an increase in transfer time. The parameter � is
determined by numerical integration with the initial costate structure
and system dynamics. The unknown value of multiplier �, which
is associated with the target condition, was chosen from Eq. (16),
such that
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The method to determine � is addressed in the next section with
numerical examples. For the previous initial guess problem, it was
necessary to guess the four variables of �r, �vr, �v�, and �; in the new
structure, only the single parameter � needs to be initialized, which is
sufficient for the initial estimation of all costates.

Numerical Examples

Choosing a proper � value and selecting a specific interval for � are
not difficult. In fact, � is chosen by inspection with numerical
integration. Many approaches could be considered to find the
desirable interval and tune �.We explain an easyway to locate a good
intervalwith case 1 under the conditions given in Table 1. First, with a
large interval and a large increment, the system dynamics and the
costate dynamics are numerically integrated, and the terminal
constraints of the specific energy are evaluated.

At first, the interval of � lies between 10,000 and 250,000, and the
increment is 10,000. There exists a zero-crossing line for � between
190,000 and 200,000. Thus, it can be claimed that there is a proper
value for � between 190,000 and 200,000, so that the interval of � is
modified between 190,000 and 200,000, and the increment of � is
modified into a smaller value such as 1000. After evaluating the
terminal constraint of specific energy, we canmodify the interval of �
between 199,000 and 200,000, and the increment of � is modified
into 100.By taking such sequences, we couldfind desirable intervals.
And when � is 199,300, the terminal specific energy is close to the
target-specific energy. Thus, for the good initial guess structure, � is
finally selected as 199,300. This approach is quite simple and enables
us to find an effective interval. By this approach, we were able to
specify a proper value for � for all of the problems in this study.

Eight examples are presented in Table 1, for which the initial
radius, central body, specific target energy, or transfer time are dif-
ferent from the previous conditions. Using the initial guess structure
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with the appropriate � and shooting algorithm, optimal spiral
trajectories can be effectively generated with just a few iterations, as
shown in Table 1. Figure 3 presents results of the six optimal spiral
trajectories. The first four plots display optimal trajectories with the
Earth as a central body. The remaining plots show optimal moon
capture trajectories with the system dynamics integrated backward,
so that the signs of �r and �v� are negative. One of the significant
results is that the errors between the solutions and guesses for �r, and
�v� are less than 1%. All the cases were solved by using the new
initial guess structure with only a few iterations. This illustrates the
effectiveness of the new initial guess structure approach proposed in
this study.

The specific energy targeting problemwith a constraint on thruster
magnitude with a VSI-type engine can be solved by the initial guess
structure as proposed in this Note. In the example of case 7, the initial
orbit is a circular orbitwith a radius of 7594 kmand a 150 day transfer
time with the target-specific energy equal to 0. We assume that the
normalized thrustmagnitude controlled by Isp is constrained between
0.52 and 0.58. In Eq. (21), � is selected as 1,098,800, and the problem
is solved with the initial costate structure approach. As a result, the
initial guess set of costates are quite close to the solution.

Case 8 is a minimum-propellant problem, for which the terminal
constraint is a specific target set. In case 8, the initial orbit is a
6693 km circular orbit, whereas the terminal orbit is a 42,241 km
circular orbit with the given transfer time of 150 days. Using � equal
to 898,300 and the initial guess structure technique, we were able to
find the optimal trajectory. Also, some orbit raising problems such as
case 8 with terminal constraints in terms of specific target set can be
solved using the proposed initial guess structure.

Using the given initial guess set in Eq. (21), all problems cannot be
solved. This is because the given initial guess structure is derived
primarily for a specific energy targeting problem with an initial
circular orbit. In previous papers, the specific energy targeting

problem for low thrust has been investigated for initial circular orbits
[1–7,9]. Thus, we focused on the initial circular orbit for a similar
type of problem. Amodified initial guess structure may be needed to
solve another set of problems for an initial elliptic orbit and other
specific terminal constraint sets. One important point in the paper is
that some costate properties exist for the set of the problems
concerning transfer time and initial conditions. Such propertiesmake
long transfer time problems easy to solve using the initial guess
structure strategy.

Also, in this Note, the proposed initial guess structure is developed
using a VSI-type engine system. Thus, applying the initial guess
structure to the constant specific impulse (CSI) type of engine for
which optimal control is determined by switching function may not
be appropriate. After the trend of the initial costate is examinedwith a
CSI-type engine, a proper initial guess structure may be developed.
An alternativeway to apply the given initial set in Eq. (21) to the CSI-
type engine is to adopt the algorithm addressed in [9].

Conclusions

Initial costate behaviors over the transfer time and initial radius of
a circular orbit were examined here for the minimum-fuel, planar,
and specific energy targeting problems. The costates of radial dis-
tance and of tangential velocity exponentially decrease as the transfer
time or initial radius increases. The costates of the radial velocity are
oscillatory, whereas the transfer time or initial radii are varied. Based
on the initial costate properties, a new initial guess structure was
proposed to solve the indirect optimization problem. In the proposed
method, only the parameter � is needed to set the structure of the
initial guess. Through several examples, it was demonstrated that this
method is able to efficiently produce solutions for designing optimal
spiral trajectories for the arbitrary central planet, long transfer time,
initial radius, and terminal target-specific energy conditions.
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